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Abstract: Hydrodynamic pressure is an important factor that cannot be ignored in the seismic safety
evaluation of dams. However, when the polyhedron-scaled boundary finite element method is used to
simulate dams in a cross-scale dynamic analysis, polygonal surfaces often appear on the upstream face
of dams, which is difficult to deal with for conventional methods of hydrodynamic pressure. In this
paper, a three-dimensional calculation method of hydrodynamic pressure based on the polyhedron-
scaled boundary finite element method is proposed, in which polygon (triangle, quadrilateral,
pentagon, hexagon, heptagon, octagon, etc.) semi-infinite prismatic fluid elements are constructed
using the mean-value shape function. The proposed method, with a high efficiency, overcomes the
limitation of conventional methods in which only quadrangle or triangle boundary faces of elements
are permitted. The accuracy of the proposed method is proved to be high when considering various
factors. Furthermore, combined with the polyhedron-scaled boundary finite element method for a
solid dam, the proposed method for reservoir water is used to develop a nonlinear dynamic coupling
method for cross-scale concrete-faced rockfill dam-reservoir systems based on the polyhedron SBFEM.
The results of the numerical analysis show that when the hydrodynamic pressure is not considered,
the error of rockfill dynamic acceleration and displacement could reach 15.4% and 12.7%, respectively,
and the error of dynamic face slabs’ stresses could be 24.9%, which is not conducive to a reasonable
seismic safety evaluation of dams.

Keywords: scaled boundary finite element method (SBFEM); hydrodynamic pressure; polyhedral
element; dam reservoir interaction; concrete faced rockfill dam (CFRD)

1. Introduction

The prevalence of the scaled boundary finite element method (SBFEM) [1] can be
attributed to its unique advantages, and as a result, SBFEM is being applied to an ever-
expanding range of numerical computation analyses. Initially, SBFEM was conceived for
the field of computational elasticity [2–4]. As SBFEM became more mature, Zhang and
Wegner [5,6] spearheaded SBFEM-based dynamic coupling analysis between the three-
dimensional (3D) infinite foundation and structure, and in their studies, the substructure
method was used to improve computational efficiency and analyze the wave motion of
seismic waves. Subsequently, further details of the dynamic interaction between struc-
ture and foundation were studied [7–10] by SBFEM, which automatically satisfied the
infinite radiation condition. SBFEM also demonstrated its superiority over traditional
numerical methods for modeling fracture mechanics, as similarity centers of SBFEM can be
directly placed at a crack tip to allow a straightforward accurate simulation of the singular
stress distribution at the crack tip with no need for very fine meshes, which is essential
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for the conventional finite element method (FEM). Song et al. [11], acting as a pioneer,
inspired researchers to launch research efforts towards fracture mechanics problems using
SBFEM [12–14]. At the same time, SBFEM has also obtained some achievements in the
Cosserat continuum analysis [15], crack propagation [16,17], the analysis of sandwich
plates [18,19], image-based analyses [20–22], acoustics [23], the contact problem [24], and
electromagnetism [25].

Recently, Chen et al. [26–29] constructed 3D polyhedral elements based on SBFEM,
which facilitated breakthroughs in the cross-scale non-linear static and dynamic analysis
of engineering structures. Compared to conventional methods, the polyhedral element
supports not only triple or quadrilateral surfaces, but also polygonal surfaces, and thus, it
can readily process complex geometries. Having the ability for cross-scale computation
and economizing efforts during pre-processing work, the octree polyhedral element [28,29]
allows sparse and dense grids to be connected to each other quickly and smoothly, and
above all, considerable degrees of freedoms (DOFs) can be eliminated. The polyhedron
SBFEM has been applied to the elasto-plastic analysis of large structures, such as concrete
gravity dams [26] and earth-rock dams [27,28]. In addition, this polyhedron SBFEM could
effectively evaluate the safety of dams in strong earthquake hazard areas, where there may
be earthquakes with a high Richter scale and seismic intensity. However, polygonal surfaces
often appear on the (upstream) face of dams when the octree technique is employed to
divide the grids as shown in Figure 1. It is difficult to use conventional methods, which
support only triangle and quadrilateral grids, to solve and compute the hydrodynamic
pressure of a reservoir with polygonal grids under an earthquake. In the analysis of the
seismic safety evaluation of dams, the hydrodynamic pressure is an important influencing
factor that cannot be ignored [30–33]. Considering the important influence of hydrodynamic
pressure on dam response, it is an urgent problem, which until now remains to be solved,
for a cross-scale dynamic dam analysis system based on a polyhedron SBFEM.
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In the analysis of the interaction between fluid and structure [34–37], the calcula-
tion method of hydrodynamic pressure on dams has always been one of the hot research
topics. At present, much research on the numerical analysis of the dam–reservoir dy-
namic interaction under earthquake conditions has emerged. The scope of research covers
arch dams [38–41], gravity dams [41–44], and concrete face rockfill dams (CFRDs) [45–49].
The hydrodynamic pressure computational methods used in research include FEM, the
boundary element method (BEM) and SBFEM. FEM is widely used in the computation of
hydrodynamic pressure in complex reservoirs. However, many nodal DOFs need to be
introduced, especially for large scale 3D models of actual projects, which can dramatically
increase the calculation amount when simulating dynamic coupling of dam–reservoir sys-
tems. Lin et al. [50] realized an efficient SBFEM-based solution of hydrodynamic pressure
in a 3D reservoir by only discretizing the two-dimensional (2D) interfaces between the
reservoir water and the dam’s upstream face, thus saving many DOFs, improving compu-
tational efficiency, and facilitating large-scale numerical analysis. Using this method [50]
to simulate a reservoir, Xu et al. [45,48] further developed a nonlinear dynamic coupling
method for CFRD-reservoir systems based on the FEM-SBFEM approach. Fortunately, this
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method [45,50] is suitable for constructing polyhedral fluid elements and can be seamlessly
integrated with a (octree) cross-scale dam analysis system based on polyhedron SBFEM.

Based on previous research, this study proposes a novel 3D calculation method of
hydrodynamic pressure based on polyhedron SBFEM (PSBFEM). Using the mean-value
shape function [51], polygonal semi-infinite prismatic elements, i.e., polyhedral fluid ele-
ments, are constructed. The proposed method could directly make use of 2D grids on the
upstream face of a dam model to automatically generate the 3D mesh of the semi-infinite
reservoir, which simplifies the pre-treatment process. More importantly, the computational
cost of hydrodynamic pressure is less compared with FEM for reducing the dimension of
discretizing by one. The proposed method provides an accurate and efficient analysis tool
for calculating hydrodynamic pressure in a cross-scale dynamic dam–reservoir analysis
system based on polyhedron SBFEM. It should be noted that the 3D PSBFEM-based hydro-
dynamic pressure calculation method is not only efficient for a cross-scale or multi-scale
dam analysis system with polyhedral or octree meshing, but it is also suitable for a tradi-
tional FEM-based dam analysis system. This method is also convenient for formulation
and implementation in the analysis program.

Furthermore, a nonlinear dynamic coupling method for cross-scale CFRD-reservoir
systems based on the polyhedron SBFEM has been developed in this study, in which the
proposed method of hydrodynamic pressure is adopted to simulate a reservoir, and the
polyhedron SBFEM is used to model the elastic–plastic CFRD and foundation system. In
the end, the seismic safety of the CFRD is evaluated using the developed dynamic coupling
method. The coupling method may have a significant prospect of practical application in
hydraulic structure engineering.

2. A Calculation Method of Hydrodynamic Pressure and Polyhedral Fluid Element

The following section firstly provides a brief theoretical derivation of the hydrody-
namic pressure computation method based on polyhedron SBFEM, and secondly, the basic
formulas for the mean-value shape function on polygons is introduced. Finally, polygonal
prismatic fluid elements are constructed.

2.1. Computation Method of Hydrodynamic Pressure Based on Polyhedron SBFEM

It is assumed that the reservoir water is an ideal fluid, which is incompressible,
undisturbed, and not viscous. Under seismic excitation, the hydrodynamic pressure in
front of the dam satisfies the Laplace equation:

52p = 0 (1)

Ignoring the micro-amplitude gravity wave, the free surface S0 boundary condition of
reservoir water is:

p = 0 (2)

The boundary condition on the water face S1 of dam satisfies:

∂p/∂n = −ρün (3)

The boundary condition at the interface S2 between the reservoir and the river–valley
satisfies:

∂p/∂n = −ρϋn (4)

In the above equations,52 is the Laplacian operator, p is the hydrodynamic pressure,
n is the normal direction of the interface, ρ represents the fluid density, and ün and ϋn
are the normal accelerations of the dam–reservoir interface and the river–valley interface,
respectively. Since the whole semi-infinite reservoir water in front of the dam is discretized
by SBFEM, the radiation boundary condition at infinity S3 of the reservoir is satisfied
automatically, the theory of which is expounded as below.
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Taking a pentagonal grid on the dam upstream face as an example as shown in
Figure 2, the similarity center O is selected at the downstream infinity of the dam, and
on the grounds of SBFEM thought, the semi-infinite prismatic fluid element is generated
using the 2D surface grid of the dam upstream face. By this means, the 3D model of a
reservoir, as indicated in Figure 3, consisting of a series of semi-infinite polyhedral elements,
is discretized automatically only in two dimensions by utilizing the element grid of the
dam on the upstream surface, which means that there are limited DOFs, and there is no
need to divide the reservoir grid additionally.
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The range of the local radial coordinate ξ1 is [0, +∞] from upstream face of the dam to
infinity of the reservoir. Furthermore, the range of local circumferential coordinates ξ2 and
ξ3 is [−1, +1]. By using the scaled boundary coordinate transformation, the coordinates
of the global Cartesian coordinate system at any point (X1, X2, X3) in the reservoir can be
expressed by the local scaled boundary coordinates (ξ1, ξ2, ξ3). Here, ξ1 serves as a factor
of proportionality, as follows:

X1(ξ1, ξ2, ξ3) = x1(ξ2, ξ3) + ξ1 = [N(ξ2, ξ3)]{x1}+ ξ1
X2(ξ1, ξ2, ξ3) = x2(ξ2, ξ3) = [N(ξ2, ξ3)]{x2}
X3(ξ1, ξ2, ξ3) = x3(ξ2, ξ3) = [N(ξ2, ξ3)]{x3}

(5)

where (x1, x2, x3) represent global coordinates of a node on a reservoir grid at the dam
upstream face (ξ1 = 0), and [N(ξ2, ξ3)] denotes the polygon mean-value shape function,
which is compatible with the polygon mesh and particularly presented in Section 2.2
below. With the help of the interpolation function [N(ξ2, ξ3)], the hydrodynamic pressure
p(ξ1, ξ2, ξ3) at any point in a polygon element can be expressed by the hydrodynamic
pressure {p(ξ1)} at nodes of the fluid element as:

p(ξ1, ξ2, ξ3) = [N(ξ2, ξ3)]{p(ξ1)} (6)
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The differential operations5 in the global coordinate system can be transformed into
the local scaled boundary coordinate system by the Jacobian matrix [J] as follows:

[J] =

 X1,ξ1 X2,ξ1 X3,ξ1
X1,ξ2 X2,ξ2 X3,ξ2
X1,ξ3 X2,ξ3 X3,ξ3

 =

 1 0 0[
N(ξ2, ξ3),ξ2

]
{x1}

[
N(ξ2, ξ3),ξ2

]
{x2}

[
N(ξ2, ξ3),ξ2

]
{x3}[

N(ξ2, ξ3),ξ3

]
{x1}

[
N(ξ2, ξ3),ξ3

]
{x2}

[
N(ξ2, ξ3),ξ3

]
{x3}

 (7)

{ ∂
∂X1

∂
∂X2

∂
∂X3
}T

= [J]−1{ ∂
∂ξ1

∂
∂ξ2

∂
∂ξ3
}T

=
{

b1
} ∂

∂ξ1
+
{

b2
} ∂

∂ξ2
+
{

b3
} ∂

∂ξ3
(8)

where [J]−1 = [{b1} {b2} {b3}].
Through the weight function w, the weak form of the integral equation is formulated

as Equation (9) by applying the method of the weighted residual to Equations (1)–(4).∫
V
∇w∇pdV + ρ

∫
S1

w
..
undS + ρ

∫
S2

w
..
vndS = 0 (9)

Substituting Equations (5)–(8) into Equation (9) and after a series of derivative pro-
cesses, the SBFEM governing equation (Equation (10)) and boundary condition equation
(Equation (11)) of the hydrodynamic pressure can be obtained:[

E0
]
{p(ξ1)},ξ1ξ1 +(

[
E1
]T
−
[

E1
]
){p(ξ1)},ξ1 −

[
E2
]
{p(ξ1)} − ρ

[
C0
]{ ..

νn
}
= 0 (10)

(
[

E0
]
{p(ξ1)},ξ1 +

[
E1]T p(ξ1)+[M1]

{ ..
un
}∣∣

ξ1=0 = 0 (11)

where the coefficient matrices [E0], [E1], [E2], [C0], and [M1] only depend on geometry
information of the mesh on the upstream face of the dam and are expressed as follows:[

B1
]
=
{

b1
}
[N],

[
B2
]
=
{

b2
}[

N],ξ2 +
{

b3
}
[N],ξ3 (12)

[
M1
]
= ρ

∫ 1

−1

∫ 1

−1
[N]T [N]Adξ2dξ3 (13)

[
E0
]
=
∫ 1

−1

∫ 1

−1

[
B1]T [B1]|J|dξ2dξ3 (14)

[
E1
]
=
∫ 1

−1

∫ 1

−1

[
B2]T [B1]|J|dξ2dξ3 (15)

[
E2
]
=
∫ 1

−1

∫ 1

−1

[
B2]T [B2]|J|dξ2dξ3 (16)

A =
√
(x2,ξ2 x3,ξ3 −x3,ξ2 x2,ξ3 )

2 + (x3,ξ2 x1,ξ3 −x1,ξ2 x3,ξ3 )
2 + (x1,ξ2 x2,ξ3 −x2,ξ2 x1,ξ3 )

2 (17)[
C0
]
=
∫

Γ
[N]T [N]dΓ (18)

where [N] represents the polygon mean-value shape function [N(ξ2, ξ3)]. and Γ in
Equation (18) represents the projection of the intersecting line between the dam upstream
face and S2 on the (X2, X3) plane.

This section may be divided by subheadings. It should provide a concise and precise
description of the experimental results, their interpretation, as well as the experimental
conclusions that can be drawn.

dΓ =
√

x2,ξ2
2 + x3,ξ2

2dξ2

∣∣∣∣
ξ3=−1

(19)
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An auxiliary variable {q(ξ1)} is introduced to solve the governing equation of the
hydrodynamic pressure (Equation (10)) analytically.

{q(ξ1)} =
[

E0
]
{p(ξ1)},ξ1 +[E1]

T{p(ξ1)} (20)

where {q(ξ1)} is the nodal force resulting from the hydrodynamic pressure. Then, the
governing equation (Equation (10)) can be transformed with a first-order ordinary dif-
ferential equation (Equation (22)) by making use of the new variables and expressions
(Equation (21)).

{X(ξ1)} =
{
{p(ξ1)}
{q(ξ1)}

}
, {F0} =

{
0

−ρ
[
C0]{ ..

vn
} } (21)

{X(ξ1)},ξ1 = [Z]{X(ξ1)}+ {F0} (22)

in which the Hamilton coefficient matrix [Z] is expressed as follows:

[Z] =

[
−
[
E0]−1[E1]T [E0]

−1[
E2]− [E1] [E0]−1[E1]T

[
E1][E0]

−1

]
(23)

The eigenvalue problem of the Hamilton matrix [Z] is to be solved first.

[Z][Φ] = [Φ][Λ] (24)

The eigenvalue matrix [Λ] and eigenvector matrix [Φ] of the matrix [Z] are written in
partitioned form:

[Λ] =

[
[λi] 0

0 [−λi]

]
, [Φ] =

[
[Φ11] [Φ12]
[Φ21] [Φ22]

]
(25)

in which [λi] is the diagonal matrix, and the real part of λi ≥ 0.
The matrix [A], which is the inverse of the eigenvector matrix [Φ], is solved and

partitioned secondly.

[A] = [Φ]−1, [A] =

[
[A11] [A12]
[A21] [A22]

]
(26)

Finally, by taking the boundary condition (Equation (11)) into account and executing
a series of solution procedures, the hydrodynamic pressure of the reservoir acting on the
dam upstream face due to an earthquake can be expressed as:

{p(ξ1 = 0)} = −[Φ12]
[
Φ22]

−1[M1]
{ ..

un
}
− ([Φ12]

[
Φ22]

−1[B1]− [B2]
)

ρ
[
C0
]{ ..

νn
}

(27)

where
[B1] = [Φ21]

[
λ−1

i ][A12] + [Φ22][− λ−1
i

]
[A22] (28)

[B2] = [Φ11]
[
λ−1

i ][A12] + [Φ12][− λ−1
i

]
[A22] (29)

It can be seen from Equation (27) that the hydrodynamic pressure consists of the
following two components: the hydrodynamic pressure caused by the dam upstream face
vibration {ün} and that caused by the vibration of the river valley {ϋn} in the reservoir.

2.2. Polyhedral Scaled Boundary Finite Element of Fluid
2.2.1. Polygon Mean-Value Shape Function

The mean-value shape function [29,51–53] can be used for the interpolating of polygo-
nal elements. The application of the function is straightforward, convenient. and efficient.
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Initially, this method was employed to analyze and solve FE polygonal elements with an
acceptable computational efficiency and accuracy [52]. In this paper, the shape function for-
mulated for general polygonal elements is briefly introduced. A more detailed description
can be found in [29,52]. The mean-value coordinate system is shown in Figure 4, and the
interpolation function with linear accuracy is expressed as:

Ni(x) =
wi(x)

∑n
j=1 wj(x)

(30)

wi(x) =
tan(αi−1/2) + tan(αi/2)

‖x− xi‖
(31)

tan(αi/2) =
sin αi

1 + cos αi
(32)

where wi(x) is the weight function, and ‖x− xi‖ is the Eulerian distance between points
M and Mi (in Figure 4). Point M is selected as the geometric center of the polygon, and
n represents the number of vertices on the polygon, that is, the number of edges of the
polygon. The interpolation function expressed in Equations (30)–(32) can be used for both
convex and concave polygons.
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Generally, the shape function is expressed in terms of the Cartesian coordinate system
(X1, X2) ∈We. In order to simplify the integration of the element matrix, it is necessary to
construct a conforming approximation of the polygon using mean-value shape functions.
Similar to the isoparametric element in FEM, the mean shape function is defined on a
standard element in the local coordinate system (ξ1, ξ2) ∈W0. Four standard elements in
the local coordinate system are illustrated as an example in Figure 5: a regular triangle,
quadrilateral, pentagon, and hexagon. The vertices of each standard element are placed on
the same circumscribed circle with a radius of 1.0, and the geometric center of each element
coincides with the center of the circumscribed circle. Therefore, any point in a standard
polygon element can be directly connected with each vertex without being occluded. The
coordinates of the polygon vertices on the unit circle are (cos 2π/n, sin 2π/n), (cos 4π/n,
sin 4π/n), . . . , and (1, 0), where n is the number of vertices. In this way, the shape function
can be defined and used in the local coordinate system as shown in Figure 5, where only
four kinds of polygons are shown, and any polygon in the global Cartesian coordinates can
be transformed into a standard element using the corresponding local coordinate system
through the polygon isoparametric mapping shape function F. An example of the mapping
process for a pentagon is illustrated in Figure 6.
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After the mapping to the local coordinate system is completed (Figure 7), the standard
polygon element is divided into triangular subunits with the center of the circle serving as a
common vertex. Then, the element coefficient matrices, such as [E0], [E1], [E2], [M1], and so
on, are computed by integrating over the triangular subunits using the standard orthogonal
criterion. The triangular subunits in Figure 7 are used only for numerical integration. A
detailed discussion of the integration methods can be found in references [29,52].
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2.2.2. Polyhedral Fluid Elements

As shown in Figure 8, for the dam upstream face with arbitrary convex polygon
(triangle, quadrilateral, pentagon, hexagon, heptagon, octagon, etc.) grids, the reservoir



Water 2022, 14, 867 9 of 21

model is discretized by the polyhedron SBFEM with polygonal semi-infinite prismatic
elements, which are polyhedral fluid elements. A polygonal element (grid) is transformed
into a standard unit in the local coordinate system by means of the polygon isoparametric
mapping function F. Subsequently, the matrices ([E0], [E1], [E2], [M1], and so on) for the
polyhedral element are integrated and calculated. In the end, the total matrices of all
reservoir elements are integrated, and the hydrodynamic pressure can be directly solved as
mentioned in Section 2.1.
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3. A Nonlinear Dynamic Coupling Method for Cross-Scale Dam-Reservoir Systems
Based on the Polyhedron SBFEM

The establishment of the dynamic coupling method consists of two main phases:
the procedure implementation for the hydrodynamic pressure computation method and
analysis implementation for the coupling calculation equation of dam-reservoir systems.

3.1. Polyhedron SBFEM Procedure for Fluid

The polygonal semi-infinite prismatic fluid elements (i.e., polyhedral elements) are
implemented based on the Windows programs GEODYNA [54], which was developed
by the fifth author using object-oriented programming in Visual C++. Multicore parallel
technology of the CPU coupled with the GPU is realized in the GEODYNA program,
by which the computational capacity of solving a large-scale elasto-plastic analysis with
millions of DOFs is provided. The GEODYNA program has been applied to the dynamic
analysis of nonlinear structures [26–28,45,46,48,55–62].

3.2. Nonlinear Dynamic Coupling Method for Cross-Scale CFRD-Reservoir Systems

The nonlinear dam, including the foundation, is modeled by the polyhedron SBFEM
with cross-scale mesh, and the reservoir is modeled by the polyhedron SBFEM for fluid. In
this way, the equation for the dynamic coupling analysis between the CFRD and reservoir
can be expressed as follows:

[Ms]
{ ..

ur(t)
}
+ [Cs]

{ .
ur(t)

}
+ [Ks]{ur(t)} = −[Ms]

{ ..
ug(t)

}
− (1/ρ)

[
L1]

T [M1]T{p(ξ = 0)} (33)

where [Ms], [Cs], and [Ks] are, respectively, the mass, damping, and stiffness matrices of the
dam and foundation. {ür(t)},

{ .
ur(t)

}
, and {ur(t)} are, respectively, the relative acceleration,

velocity, and displacement. {üg(t)} is the input earthquake acceleration from bedrock. [L1]
is the conversion matrix between global coordinates and the local coordinates of the dam
surface.
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Substituting Equation (27) into Equation (33), the dynamic fluid–solid coupling analy-
sis equations are derived further as:([

Ms] + [Mp
]){ ..

ur(t)
}
+ [Cs]

{ .
ur(t)

}
+ [Ks]{ur(t)} = −

([
Ms] + [Mp

]){ ..
ug(t)

}
(34)[

Mp]= −(1/ρ)[L1]
T [M1]T

{
[Φ12]

[
Φ22]

−1[M1][L1] + ([Φ12]
[
Φ22]

−1[B1]− [B2]
)

ρ
[
C0
]
[L2]

}
(35)

[L1]
{ ..

ug(t) +
..
ur(t)

}
=
{ ..

un
}

, [L2]
{ ..

ug(t) +
..
ur(t)

}
=
{ ..

νn
}

(36)

where [Mp] is the additional mass matrix of hydrodynamic pressure. [L2] is the conversion
matrix between global coordinates and the local coordinates of the river valley surrounding
the reservoir.

As shown in Equation (34), the dynamic interaction analysis between the dam and
the reservoir water can be realized directly by superimposing the additional mass matrix
of the hydrodynamic pressure [Mp] into the mass matrix of the dam [Ms]. Then, a strong
coupling method for a nonlinear cross-scale dam-reservoir system is established based on
the polyhedron SBFEM.

4. Numerical Examples of Rigid Dams and River Valley

The following numerical examples of rigid dams, which have analytical solutions,
have been selected for analysis and validation of the accuracy of the presented method
for hydrodynamic pressure. The computed hydrodynamic pressure distribution due to
earthquakes in the upstream–downstream, vertical, and dam axial directions have been
compared with analytical solutions [63–66].

4.1. Dams with Polygonal Mesh on Upstream Face

The first group of examples are shown in Figure 9. An inclined dam face in a rectangu-
lar valley with a height and width of 180 m was selected. The water depth of the reservoir
was 180 m (i.e., full reservoir condition), and the dam upstream face inclination angles
were 30◦, 45◦, and 60◦, respectively.
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The second group of examples are shown in Figure 10. A 120-m high vertical dam face
in an isosceles right triangular valley was selected. The water depth of the reservoir was
120 m (i.e., full reservoir condition).

The third group of examples are shown in Figure 11. A vertical dam face in the
semi-circular valley with a radius of 100 m was selected. The water depth of the reservoir
was 100 m (i.e., full reservoir condition).

The 2D dam upstream face meshes of the above three groups of calculation examples,
which are plotted in Figures 9–11, were just used as the SBFEM meshes of the reservoir
water. Furthermore it can be observed that the dam upstream faces contained pentagon,
hexagon, heptagon, and octagon polygon grids, which often appear when polyhedron
elements based on the polyhedron SBFEM are used to model dams. The peak acceleration of
seismic excitation in different directions is expressed as a, the density of water is expressed
as ρ, and the water depth is expressed as H.
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4.2. Results and Discussion

Figure 12 shows the distribution of hydrodynamic pressure for the condition in which
the dam face is inclined in a rectangular valley. Figures 13–15 provide the results for the
case in the triangular valley. Figures 16–18 show the distribution of hydrodynamic pressure
on the dam face in the semi-circular valley. From the above figures (Figures 12–18), it can be
seen that the proposed hydrodynamic pressure calculation method based on polyhedron
SBFEM could precisely compute the hydrodynamic pressure on the dam face induced by
an earthquake in different directions and could accurately consider factors such as the
inclination of the dam face and the complex shape of the river valley.
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Figure 12. Rectangular valley: (a) upstream–downstream excitation and (b) vertical excitation.
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Figure 13. Triangular valley with upstream–downstream excitation: (a) along line AB and (b) along
line AC.
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Figure 14. Triangular valley with vertical excitation: (a) along line AB and (b) along line AC.
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Figure 15. Triangular valley with transverse excitation: (a) along line AB and (b) along line AC.
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Figure 16. Semi-circular valley with upstream–downstream excitation: (a) along line AB and (b) along
line BC.
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Figure 17. Semicircular valley with vertical excitation: (a) along line AB and (b) along line BC.
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Figure 18. Semicircular valley with transverse excitation: (a) along line AB and (b) along line BC.

Moreover, the proposed method has a high efficiency, because only 2D discretization
was required to simulate the 3D semi-infinite reservoir water. Therefore, the proposed
hydrodynamic pressure method can serve as a convenient analysis tool for further establish-
ing a dynamic coupling analysis method for the dam–reservoir systems when polyhedral
solid elements are utilized to build cross-scale models of dams.

5. Dynamic Coupling Analysis of Nonlinear Cross-Scale CFRD and Reservoir Systems

With the polyhedron SBFEM for solid and fluid being used to discretize the CFRD
and reservoir, the elasto-plastic cross-scale dynamic coupling analysis was conducted to
investigate the effect of hydrodynamic pressure on the dynamic response of CFRD. The
results of the CFRD under static loading, including the filling and impounding processes,
were introduced into the seismic analysis as the initial state.

5.1. Cross-Scale Model of the CFRD and Reservoir

The 3D polyhedron cross-scale mesh of a 100-m high dam and rock foundation is
shown in Figure 19. The concrete slab grid was dense, and the rockfill grid was relatively
coarse. In order to achieve a rapid cross-scale meshing from the slab to the rockfill, some
polyhedral meshes appeared on upstream face of the slab inevitably. The upstream slope
of the dam was 1 V:1.4 H, and the downstream slope was 1 V:1.6 H. The valley was
a prismatic valley with a trapezoidal section with a bottom width of 70 m and a slope
ratio of 1 V:1 H on both banks. The mesh of the dam and foundation had a total of
39,145 elements, of which the slab and interface both had 1272 elements. The slab and
rockfill were simulated by polyhedral elements based on SBFEM [27]. Furthermore, the
interface between the slab and cushion, slab joints, and peripheral joints were simulated
by polygonal Goodman elements [27]. The displacement of the bottom boundary of the
massless bedrock in the three directions of the global coordinate system was constrained,
and the normal displacement of the lateral boundary was constrained.
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The depth of the reservoir in front of the dam was 90 m. When the proposed method
was used to calculate the hydrodynamic pressure, the mesh of the semi-infinite reservoir
water could be directly generated using the 2D polygonal grid on the upstream face of the
concrete slab, as indicated in Figure 3. Therefore, the pre-processing of the reservoir model
was simplified to a large extent, and the overall analysis efficiency was improved.

5.2. Material Parameters, Damping Methods, and Ground Motion

A linear elastic model was adopted for both the concrete face slab (density
ρ = 2.40 g/cm3, elasticity modulus E = 25 GPa, Poisson’s ratios ν = 0.167) and bedrock
(density ρ = 2.50 g/cm3, elasticity modulus E = 20 GPa, Poisson’s ratios ν = 0.2). An
improved P–Z generalized plastic model was used for rockfills [59,67], of which the 17 ma-
terial parameters were calibrated by the results of the triaxial tests and listed in the Table 1.
Furthermore, an ideal elasto-plastic model was used to model the interface between the
face slab and rockfills, of which the parameters are listed in Table 2. The compression
stiffness of the slab and peripheral joints was 25,000 MPa/m, and the shear stiffness was
1 MPa/m. The Rayleigh damping method was employed for the various material and
mechanical models of the CFRD.

Table 1. Parameters of the rockfill.

G0 K0 Mg Mf αf αg H0 HU0 ms

2400 2500 1.75 1.5 0.45 0.45 2900 2900 0.2
mv mt mu rd γDM γU β0 β1

0.28 0.2 0.25 105 70 7 50 0.023

Table 2. Parameters of the interface.

k1 k2 n ϕ/◦ c/Pa

300 1 × 1010 0.8 41.5 0

Seismic waves were the input in the upstream–downstream direction for the dynamic
coupling analysis. The time history of the seismic acceleration measured from a real
earthquake in Figure 20 was selected. The peak ground acceleration (PGA) was 1.5 m/s2.
The results of the two conditions, which were considering the hydrodynamic pressure
based on the polyhedron SBFEM condition and neglecting the hydrodynamic pressure
condition, are compared and analyzed in the following section.
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Figure 20. Input ground motion.

5.3. Results and Discussion

Due to the existence of reservoir water in front of the dam, the dam would definitely
be affected by hydrodynamic pressure under an earthquake condition. The proposed
hydrodynamic pressure calculation method based on the polyhedron SBFEM, which was
proved to be accurate in Section 4.2, is adequate for analyzing the effect of hydrodynamic
pressure on the dynamic response of the rockfill in CFRD. For the condition of ignoring
hydrodynamic pressure, the additional mass matrix of hydrodynamic pressure [Mp] in
Equation (34) was a null matrix, which meant that errors would occur because it was
inconsistent with the actual situation. When calculating the error of the dynamic response
of rockfill and concrete face slabs in the CFRD caused by ignoring the hydrodynamic
pressure, the results under the condition of considering the hydrodynamic pressure were
used as a standard. The compressive stress of the face slabs was positive.

5.3.1. Rockfill

Table 3 lists the maximum absolute values of the dynamic acceleration and displace-
ment for the rockfill under an earthquake and the corresponding errors caused by neglecting
the hydrodynamic pressure. Compared to the results from the condition of calculating
hydrodynamic pressure by the polyhedron SBFEM, the maximum errors of acceleration and
displacement were 15.4% and 12.7%, respectively, when the hydrodynamic pressure was
ignored. Figures 21 and 22 show the maximum distribution of the dynamic acceleration
along the upstream–downstream direction (ax) and the dynamic displacement along the
vertical direction (dy). As can be seen from Figures 21 and 22 and Table 3, the distribution
rules of the dynamic response for the rockfill were consistent under the two conditions of
hydrodynamic pressure, but the differences of the maximum value and the correspond-
ing size of the area with a large response were obvious. The dynamic acceleration and
displacement of the rockfill were smaller when hydrodynamic pressure was considered.

Table 3. Maximum dynamic response of a rockfill under an earthquake.

Hydrodynamic
Pressure

Acceleration (m/s2) Displacement (m)

ax ay dx dy

Polyhedron SBFEM 4.61 2.72 0.062 0.055
Neglecting 5.32 2.87 0.071 0.059

Error 15.4% 5.5% 12.7% 7.3%

In summary, when the hydrodynamic pressure is ignored, the dynamic acceleration
and displacement response of a rockfill may be overestimated obviously, which is not
conducive to the accurate and reasonable safety evaluation of CFRD under an earthquake.
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5.3.2. Concrete Face Slabs

Table 4 lists the maximum dynamic concrete face slabs’ stresses under the two hy-
drodynamic pressure conditions and the relative errors of stresses caused by neglecting
the hydrodynamic pressure. Compared with the results by the polyhedron SBFEM, the
maximum errors in the dynamic face slabs’ stresses along the slope direction and the
dam axial direction for neglecting the hydrodynamic pressure condition were 22.5% and
24.9%, respectively. It can be observed from Table 4 that the errors of the maximum face
slabs’ stress along the slope direction and the dam axial direction caused by neglecting the
hydrodynamic pressure were obvious, and the hydrodynamic pressure cannot be ignored
in the dynamic stress analysis of face slabs. Figures 23 and 24 plot the distributions of the
maximum dynamic tensile stress in face slabs along the slope direction and compressive
stresses in face slabs along the dam axial direction. Figures 23 and 24 show that the dis-
tributions of the extreme stresses along the slope direction and the dam axial direction
for both hydrodynamic pressure conditions were similar, but the extent of the high stress
regions was significantly different.

Table 4. Maximum dynamic stress of face slabs under an earthquake.

Hydrodynamic
Pressure

Slope Direction (MPa) Dam Axial Direction (MPa)

Tensile Compressive Tensile Compressive

Polyhedron SBFEM −3.83 3.16 −2.05 3.38
Neglecting −4.69 3.48 −1.88 2.54

Error 22.5% 9.2% 8.3% 24.9%
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Figure 23. Maximum distribution of concrete face slabs’ tensile stresses along the slope direction
(MPa): (a) Neglecting hydrodynamic pressure and (b) the Polyhedron SBFEM.
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Figure 24. Maximum distribution of concrete face slabs’ compressive stresses along the dam axial
direction (MPa): (a) Neglecting hydrodynamic pressure and (b) the Polyhedron SBFEM.

As can be concluded from the above Figures 23 and 24 and Table 4, for a high CFRD
located in front of a reservoir, the hydrodynamic pressure has a big influence on the
dynamic face slabs’ stresses along the slope direction and the dam axial direction. It is
possible to significantly overestimate or underestimate the dynamic concrete face slabs’
stress when hydrodynamic pressure is ignored in the seismic analysis of a CFRD.

6. Conclusions

In this paper, polyhedral scaled boundary finite elements of fluid were constructed
using the polygon mean-value shape function to compute the hydrodynamic pressure of a
reservoir on a dam, which is applicable for not only a polygon mesh but also triangular
and quadrilateral meshes on the upstream face of a dam. Moreover, a nonlinear cross-scale
dynamic analysis of CFRD-reservoir systems under a seismic condition was carried out,
and the effect of hydrodynamic pressure on the dynamic response of a rockfill in CFRD
was investigated. The following primary conclusions are summarized:

(1) A 3D hydrodynamic pressure calculation method based on the polyhedron SBFEM
was proposed, in which the reservoir in front of a dam was simulated with polygonal
semi-infinite prismatic fluid elements. The pre-processing of the reservoir model
was simplified to a large extent, as the 3D mesh of the reservoir could be generated
automatically from the 2D grid of the upstream face of dam. A high efficiency was
achieved also by reducing the one-dimensional discretization. The proposed method
has a high accuracy and provides a convenient numerical tool for a dynamic coupling
analysis of a dam–reservoir system, when the cross-scale dam is modeled by the
polyhedron SBFEM.

(2) With an elastic–plastic CFRD being simulated by the polyhedron SBFEM and the
hydrodynamic pressure of the reservoir being computed by the proposed polyhedron
SBFEM for fluid, respectively, a nonlinear dynamic coupling method for cross-scale
CFRD-reservoir systems based on the polyhedron SBFEM was developed. The results
of a further numerical analysis showed that neglecting hydrodynamic pressure may
produce obvious errors and lead to overestimation of the dynamic acceleration and
displacement response of the rockfill, which is not conducive to an accurate and
reasonable safety evaluation of a CFRD under an earthquake. Moreover, the hydro-
dynamic pressure had a big influence on the dynamic face slabs’ stresses, and the
hydrodynamic pressure cannot be ignored in the dynamic stress analysis of face slabs.
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The hydrodynamic pressure calculation method proposed in this paper can also be
applied to a dynamic linear or nonlinear analysis of cross-scale arch dams or gravity dams
simulated by the polyhedron SBFEM for seismic safety evaluation.
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Nomenclature

52 Laplacian operator
p Hydrodynamic pressure
ρ Fluid density
ün Normal accelerations of the dam–reservoir interface
ϋn Normal accelerations of the river –valley interface
[N(ξ2, ξ3)] Polygon mean-value shape function
[J] Jacobian matrix
w weight function
[E0], [E1], [E2], [C0], [M1] Coefficient matrices
{q(ξ1)} Nodal force
[Z] Hamilton coefficient matrix
[Λ] Eigenvalue matrix
[Φ] Eigenvector matrix
[A] The inverse of eigenvector matrix [Φ]
Ni(x) Interpolation function in mean-value coordinate system
wi(x) Weight function of mean-value coordinate system
‖x− xi‖ Eulerian distance between points
We Cartesian coordinate system
W0 Local coordinate system
[Ms], [Cs], [Ks] Mass, damping and stiffness matrices
{ür(t)},

{ .
ur(t)

}
, {ur(t)} Relative acceleration, velocity, and displacement

{üg(t)} Input earthquake acceleration
[Mp] Additional mass matrix of hydrodynamic pressure
[L1], [L2] Conversion matrix
(x1, x2, x3) Global coordinates
(ξ1, ξ2, ξ3) Local scaled boundary coordinates
E Elasticity modulus
ν Poisson’s ratios
SBFEM Scaled boundary finite element method
CFRD Concrete faced rockfill dam
3D Three-dimensional
2D Two-dimensional
DOF Degrees of freedom
FEM Finite element method
BEM Boundary element method
PSBFEM Polyhedron SBFEM
PGA Peak ground acceleration
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